From a study of an oscillator in a 4D NC spacetime, we establish the Hamilton equations of motion. The formers are solved to give the oscillator position and momentum coordinates. These coordinates are used to build a metric similar to that describing a cosmic string. On this basis, Dirac and Klein-Gordon oscillators are investigated. Their spectrum and dynamics are analysed giving rise to novel interesting properties.
I. INTRODUCTION
Noncommutative (NC) field theory could play a special role in the description of particle physics near the Planck length λ p = G /c 3 . This theory was the subject of intense study during the last three decades and provided a very interesting new class of quantum field theories with intriguing and sometimes unexpected features. The idea of noncommutativity of spacetime came from Snyder [1] . Its geometric analysis was given by Alain Connes [2] - [3] . The wide class of works on this subject and the physical implications such as the quantum Hall effect [4] - [5] , the string theory static solutions [6] , the matrix model or the 2D quantum gravitation theory [7] - [9] opened new outlook on the study of physics. This made them particularly interesting and challenging for purposes of particle physics model building.
However, the NC spacetime generalizes the ordinary space by assuming the nonvanishing commutation relations between coordinates as [x µ ,x ν ] = iθ µν , where (θ µν ) is skew-symmetric constant tensor. The operator algebra of such NC spacetime can be represented by the algebra of functions when the ordinary multiplication of functions is replaced by the so-called Moyal star-product:
(see [14] and references therein). Another noncommutativity is described when the momentum components become NC, i.e. [p µ ,p ν ] = iθ µν , where (θ µν ) is related to the magnetic field [10] . Several physical models were studied in this NC spacetime, such as the model of harmonic oscillator, the dynamics of the relativistic particles, and the scattering theory. Recently, the Dirac and KG oscillators were studied in curve spacetime by introducing the tedrad fields e µ a , or, equivalently, the metric g µν = e µ a e ν b η ab , where η is the flat spacetime metric [11] - [17] . These models were also implemented in the topologycal defect background metric [15] . An important question that we address here in this paper is the effects of noncommutativity on the dynamics of the spin orbit particle. We show that the noncommutativity of the spacetime transforms the Minkowski metric to the so-called cosmic string background. By giving the solution of the oscillator dynamics using the Hamilton equations of motion, we derive the corresponding deformation of the spacetime metric, which depends on the parameter θ and is similar to that describing a cosmic string. As application, we are interested in relativistic particles described by Dirac and Klein-Gordon (KG) oscillators. Several motivations lead to the study of these two models. See [11] - [24] for more details.
The paper is organized as follows. In the section (II), we provide the dynamics of a harmonic oscillator in NC spacetime. We show how this noncommutativity modifies the corresponding metric. In the section (III), we study the eigen-energies of the Dirac oscillator in the background of cosmic string. The same question is pointed out in the case of the KG oscillator. Section (IV) is devoted to concluding remarks.
II. OSCILLATOR QUANTUM DYNAMICS ON NC SPACETIME
In this section, we study the quantum dynamics on NC spacetime. Using the Hamilton equation of motion of the coordinates system, we derive and solve the correspond-ing equations of motion. We show, by a novel approach, how a NC oscillator can be solved in the commutative spacetime, and how this may affect the spacetime geometric properties such as the metric tensor. Two cases of noncommutativity are considered. The case, when only coordinates are NC, and the case where both coordinates and momentums are NC.
A. Case of commutative momentum components
We consider the spacetime geometry described with the NC coordinates x µ and momentums p µ , µ = 0, 1, 2, 3, which satisfy the star-commutation relations :
in which, := 1; denotes the Moyal star product. For
The matrix θ µν is chosen to be
For instance, setting θ 0 = 0 means that the time does not commute with the space coordinates and plays the role of evolution parameter. For all smooth function of coordinates and momentums f (x, p), we have the following identities
It is obvious that the NC coordinates are related to the commutative coordinates by the followings transformations:
We show in the sequel that the corresponding equations of motion can be solved in this particular case. These equations of motion are explicitly given by the following system:
where "dot" means the first order derivative with respect to the time x 0 c := t. The system (10) can be solved, by using the expansion series method, to yield the general solutions:
Note that p 
We consider the particular case in which we assume that there exist the constants α 0 and β 0 such that
Then, the series a j k and b j k satisfy the two-term recursive relations
the solutions of which are of the form: (18) where Ω j a,b are real constants.
Letting
and α 0 = β 0 = ℘ transforms the expressions (11) and (12) into the following form:
These expressions represent the solution of the noncommutative oscillator in the commutative variables. They do not depend on the deformation parameter θ, and hence are not affected by the noncommutativity of the spacetime. Let us examine now how these solutions may modify the geometry. Let g c and g are the metrics of ordinary and NC spacetime, respectively. We assume that g c,µν := η µν = diag(−1, +1, +1, +1). Then using (6), (19) and (20) we get
which can explicitly be written in the matrix form as:
In the diagonal form we get
with eigenvalues
and eigenvectors
Then the determinant of the metric g, denoted by g, is det(g) = − 1 +
. In a compact form, we get:
in which the parameters a j (θ) = λ j , j = 1, 2, 3 play the role of the scale factors.
B. Case of noncommutative momentum components
Here we consider the quantum spacetime described with the NC coordinates x µ and momentums p µ , µ = 0, 1, 2, 3, which satisfy the star-commutation relations :
where the Moyal star product takes the form
The skew symmetric matrix (θ) is chosen to bē
For instance, by choosingθ 0 = 0, the NC coordinates are related to the commutative coordinates by the relations: 
Like (5) we get
Then the Hamiltonian of the NC harmonic oscillator can be written as:
This leads to the following sytem of equations of motion
After some algebra, and exploiting the expansion series method, we obtain:
Now by setting p j c (t) = Mẋ j c (t), we get the following recursive relations: 
and
The recursive relations (39) and (40) 
The x j c (t) and p j c (t) are given by (19) , (20) , (21) and (22) . In the sequel, we perform some illustrations.
III. APPLICATIONS TO THE RELATIVISTIC PARTICLES A. The Dirac Oscillator
We derive equation governing the Dirac oscillator in noncommutative space in the background of cosmic string. The model is described in the cylinder coordinates with the FLRW metric
−∞ < (t, z) < ∞, r ≥ 0 and 0 ≤ ϕ ≤ 2π. The parameter α is related to the linear mass densityM of the string by α = 1 − 4M and belongs to the interval (0, 1], corresponding to a deficit angle γ = 2π(1 − α). We choose the scale factors λ 1 (t), λ 2 (t) and λ 3 (t) to be now functions of time and implicitly on θ. The particular case where these three parameters λ j are constant depending on θ (see (28)) will be discussed hereafter. In accordance with the metric (42) the tetrad e 
In the above relationλ j = dλ dt . The Dirac matices are γ µ = e µ γ , explicitly writen as:
where we take the standard Dirac matrix to be 
We get
M is a mass of the Dirac particle, ψ is a spinor fourcomponents of the wave function; ∇ µ is
In general ∇ µ given in (51) is not a Hermitian operator and its components do not commute. So, the following definition will be used:
such that, for g µν defined in (42) we find:
These expressions mean that the wave equation ε 0 n ψ = i∂ t ψ is modified as
In the case where λ j , j = 1, 2, 3, are such thatλ j /λ j are constants, the energy spectrum takes the form
Now let us assume that λ j , j = 1, 2, 3 are the constants given in (26), and the particle moves in (x, y) plane. Then, ε n = ε 0 n and ε 0 n need to be computed. We use the variables separation method in the Dirac equation (50) as follows:
The z dependence of the wave function is removed due to the phase factor of the form e ikz , in which k may be vanished. Using (59) we come to the two following differential equations:
Let us define the differential operators:
By setting
ψ a (r, ϕ) = e imϕ ψ a (r), ψ b (r, ϕ) = e imϕ ψ b (r) (65) we arrive at the eigenvalue problems
Now let us recast the spinors ψ a and ψ b as
The functions ψ ai , i = 1, 2 and ψ bi , i = 1, 2 satisfy the well known Laguere polynomial equation:
where l = a1, a2 or b1, b2, and η 0 , η 2 are two constants depending on l, given by
The general solution of equation (68) is given by
where
The eigenvalues ε 0 n giving the energies of the model become
• for |m| ≥ 1 2
Remark 1. Our analysis highlights a new degeneracy of the energy spectrum for the different values of the parameter m. This result sheds light on the fact that the spectrum (77) does not exist in the literature and should be considered as a new feature caused by the bounds of m. We have also shown that 0 n depends on the deformation parameter θ or λ j . We write ε 0 n = ε 0 n (θ). In the commutative limit, in which λ j = 1, or θ = 0, the expression (77) is not well defined. In this situation the energy spectrum is given in (78). This corresponds to the results computed in [11] - [18] (and references therein). Note that the same analysis can be made in the case of non vanishing electromagnetic fields solved in the commutative case in [13] .
B. The Klein-Gordon oscillator
This section aims at applying the method used in the section (II) to the KG equation. Consider a scalar field Φ written in the cylindrical coordinates as Φ = Φ(t, r, ϕ, z). The KG oscillator is given by the following equation, (see [22] for more details):
where the Dalembertian operator in the spacetime defined with the metric (42) is
The commutative limit corresponding to λ j = 1, j = 1, 2, 3 is readily obtained.
IV. CONCLUDING REMARKS
In this paper we have investigated the dynamics of the harmonic oscillator in NC spacetime. The differential equation of motion deduced from this analysis has been solved. The corresponding deformation of the spacetime metric has been given. As application, the Dirac and KG oscillators have been explicitly described in the background of cosmic string. We have proved that the Dirac oscillator exibits a new degeneracy of the energy spectrum, unknown in the literature. The case of time dependent eigenvalues λ j (t) may be examined in the core of forthcoming investigations. The solution of the system (10) at the first order in θ can simply be written as: 
The constants r j ∈ R are the components of the vectors v j , j = 1, 2, · · · , 6, and depend on θ and M . Setting A j = r j (e C θt + e −C θt ) and B j = ir j (e C θt − e −C θt ) yields
Using the Taylor expansion of the quantities A j and B j , the solutions (11) and (12) are well satisfied.
